We study the structure of function fields of plane quaxtic curves by using projections. Taking a point P e P 2 , we define the projection from a curve C to a line I with the centre P. This projection induces an extension field k(C)/k(F 1 ). By using this fact, we study the field extension k(C)/k(H' 1 ) from a geometrical point of view. In this note, we take up quaxtic curves with singular points.
INTRODUCTION
Let k be an algebraically closed field of characteristic zero. We fix fc as the ground field of our discussion. Let K be an algebraic function field in one variable over k. We would like to look into K, in particular to see what intermediate fields exist. For this purpose we develop a field theory for K.
Let C be an irreducible plane curve of degree d (d > 1) and k(C) be a rational function field of C. Then K is expressed as K = k(C). In this paper we study K = k(C) from a geometrical viewpoint as we have done in [3] .
Let e : X -¥ C be the birational morphism from the smooth model X onto C. Then K = k(C) = k(X). Take a point P e P 2 . The morphism ir P : X -> P 1 is the rational function on X defined by where Pe(R) is the line passing through P and e{R), P 1 is the one-dimensional projective space of all lines in P 2 passing through P. The degree of TT P is clearly d -m P , where m P is the multiplicity of C at P. (We put m P = 0, if P $ C.) Then we have a field extension •Kp : fc(P') <-)• K. This field extension depends only on the point P. So we denote the function field ^(P 1 ) by K P , that is, 194 K. Miura [2] REMARK 1. The above function field Kp is not necessarily a maximal rational subfield of K. However if C is a smooth plane curve of degree d (d ^ 2) and P € P 2 is a point, then Kp is a maximal rational subfield (see [3] ).
Note that every subfield K' satisfying k ^ K' c K P is rational by Liiroth's theorem. We are interested in the structure of the field extension K/K P . For example, (1) When is the extension Galois ?
(2) Let Lp be the Galois closure of K/K P . What can we say about L P ? (3) What is the Galois group Ga\(L P /K P ) ? (4) How many fields do there exist between K and K P ? DEFINITION 1. The point P e P 2 is called a Galois point \iK/Kp is a Galois extension.
Let Cp be the smooth curve with the function field L P and TT P : C P ->• X be the covering map induced by Lp D K. We denote the composite map np o n P by Op, that is, Op : Cp -» P 1 . It is clear that Op is Galois. We call Cp the minimal splitting curve of
•n P : X ->• P \ after Tokunaga [8] . DEFINITION 2. We denote by G P the Galois group Gal(L P /K P ) and by g(P) the genus of Cp.
When C is smooth, we have studied questions (1), (2) , (3) and (4) for the case d = 4 and quintic Fermat curve (see [3, 4] ). In what follows we assume that C has at least one singular point. In the case d = 1, 2 or 3, the above questions are trivial. In this paper we study the questions in the case d = 4. So henceforth we denote by C a plane quartic curve which is not smooth. REMARK 2. For a singular point P £ C, we have that deg7i> = 1 or 2. Hence we see that a singular point of C becomes a Galois point. We call this a non-smooth Galois point. In particular, we call the Galois point P € P 2 with m P = 0 or 1 a smooth Galois point.
DEFINITION 3. We denote the number of smooth Galois points by S(C).
We use the following notation:
f{x,y) = 0 : the defining equation of (the affine part of) C.
fi(x, y) : the homogeneous part of degree i of f(x, y).
g -g(X)
: the genus of X.
m P {C) = mp : the multiplicity of C at P. (We put m P = 0, if P £ C.) sp(C) = sp : the number of the analytic branches of C at P.
Ip(Ci,C 2 )
: the intersection number of C x and C 2 at P. where TQ denotes the tangent line to C at Q € C.
Let Op : Cp -> P 1 be the Galois covering. Then we define a branch type of dp as follows (see [6] ).
be the branch locus of dp. Here m* is called the ramification index of 9 P at Q,. That is, if R is a point of Op l (Qi), then there are local coordinate systems C and n around R and Qi respectively with C(R) = 0 and rj(Qi) -0 such that 6 P is locally given as:
STATEMENT OF RESULTS
Under the situation above the main results are as follows. We state our results separately according to the case P € C or P £ C.
In the case P 6 C, we have the following: 
PQ).
If PQ is a tangent line to some C*, then e^ = /q(Ci, PQ).
R E M A R K 3. From the Riemann-Hurwitz formula for ir P (P € P 2 ), we have
R€X
We prove Theorems 1 and 2. For a singular point P e C, the above questions (1) ( 4) are trivial (see Remark 2) . So henceforth we assume that P € C is a non-singular point of C, that is, m P = 1.
By taking a suitable set of coordinates, we can assume that (i) P=(0,0), (ii) y = 0 is the tangent line to C at P, (iii) the singular points of C do not lie on x -0, (iv) i = 0 and C meet transversally, (v) if / is a line passing through P and a point of C at infinity, then Z is not a tangent line to C and / does not pass through the singular points of C. Let It be the line y = tx. Then we may assume that the projection is defined as •K P (C n / t ) = t, if l t does not pass through the singular points of C. In the affine plane (x, t) e A 2 , let C be the curve defined by
where
(When t = 00, we consider x = sy instead, where st -1. Indeed, C is an affine part of the blow-up of C.) Then we may study ir P : X -• P 1 by considering a projection from C to the t-axis. We can find the branch points of ir P by using the discriminant of f(x,t).
where Xi are the roots of f(x,t) = 0 in k(t). Noting that I P (C, T P ) = Ip{C, Tp) + 1, where T P is the tangent line to C at P 6 C, we see that P is the intersection point of C and t = 0. We have the following lemmas by copying the proof of [3, Lemma 3.2]. 
LEMMA 1 . The discriminant ip(t) is expressed as i>(t) = tl) 0 (t)i>i(t). If(t -a

We call il>o{t) the smooth part of ip(t), and ij)i{t) the singular part of ip(t).
In particular, we can find flexes and singular points of C by computing the resultant of f(x,t) and df{x,t)/dx.
Next, suppose that P € C is not a Galois point. Then we consider the branch points of 7Tp : Cp -> X. Referring to [8] , we have the following proposition. PROPOSITION 6 . Let A(X/P 1 ) and A{C P /P l ) be the branch loci ofn P and 6 P respectively. Then we have A(X/f x ) = A(C^/P 1 ).
Hence we have the following lemma.
LEMMA 3 . A point Q € X is a branch point of TT P if and only if the following conditions are satisfied:
(a) suppose TT P (Q) -a, then np^a) = {Q, Q'}, (b) 7i> has ramification index one at Q, two at Q'. P R O O F : Note that the Galois covering has the same ramification indices at each branch point. Suppose R is a branch point of Up such that the ramification index of •Kp at R is three. Put TTP(R) = 0. Then 0 P has ramification index six at t = 0. Since S3 does not contain the cyclic group of order six as a subgroup, this is a contradiction. Next, R' is a branch point of TT P such that the ramification index of np at R' is two. Put TTP(R') = 7. Then 6 P has ramification index four at t = 7. Since the degree of 9 P is six, this is a contradiction. Hence by Proposition 6, this proves the lemma. D
Furthermore we have the following. Suppose C has a tacnode-cusp Q. Then we have that TOQ = 3 and SQ = 2. Hence we infer that TT P always has a ramification point with ramification index two for any P e C.
Indeed since the line PQ is not tangent at Q, we have X ] ( e R -1) = ™-Q -SQ = 1.
Ree-HQ)
By the above remark, we see that C has no smooth Galois point.
If C has a simple cusp of multiplicity three, then for any P € C, there exist a line passing through P which meets C at the cusp with intersection number three. Hence we infer that np always has a ramification point with ramification index three. Therefore we infer the following. LEMMA 5 . Suppose C has no simple cusp of multiplicity three. Then a = 0 for a general point P € C.
Combining the above results, we obtain the assertions in Theorem 1 and 2. REMARK 6. Suppose C has an ordinary triple point Q and the line l a passes through P and Q. Then the line l a passes through Q with the intersection number three, and e~l(Q) consists of three points in X. So we see that irp is unramified over t = a.
Next, as an example, we consider the curve C defined by y + g{x,y) = 0, where g(x, y) is a homogeneous polynomial of degree four and g{x, 0) / 0. CLAIM 1. The curve C has a smooth Galois point P = (0,0). 3,3,3,3 ). Indeed n P has ramification index three at t -a, t = 0, t = 7 and t = 0.
P R O O F : Putting f(x,y) -y + g(x,y), we have f{x,t) = g(l,t)x 3 + t. Since the field extension K/K P is given by i 3 = -t/g(l,t), the claim is clear. D Then the homogeneous equation of C is F(x, y, z) = yz
In case (ii), we see that Kp has branch type (3, 3, 3) by an argument similar to (i). In particular, in cases (i) and (ii), there are no more smooth Galois points (by considering the branching data of the other points). Indeed for an other point Q € C {Q ^ P) and a line lx passing through Q, we see that l\ meets C at (1 : a : 0) with intersection number two and it intersects C transversally at the other point. Hence TTQ^A) is a two point, so we see TTQ is not Galois.
In case (iii), we see that TX P has branch type (3,3). Indeed n P has ramification index three at t = 0 and t = 0.
In case (iv), we see that ir P has branch type (3,3). Referring to [1] , we have W(C) -2. Since P is a 2-flex, there is no more flex. Hence we have S(C) = 1 in cases (i), (ii) and (iv).
K. Miura [8] (ii) the singular points of C do not lie on x = 0, (iii) x = 0 and C meet transversally.
Let l t be the line y -tx. Then we may assume that the projection is defined as 7Tp(C n l t ) = t, if l t does not pass through the singular points of C. In the affine plane (x, () £ A 2 , let C be the curve defined by
and c is a non-zero element of /c. Then K -k(x,t) and -ft"f> = k(t), the extension K/Kp is obtained by f(x,t) = 0. We can find flexes and singular points of C by an argument similar to that in Lemmas 1 and 2. So we know the ramification points of ftp : X -> P 1 . We use ip(t), i>o{t) and i>\{t) as in Lemmas 1 and 2.
LEMMA 6 . Suppose C has no simple cusp of multiplicity three. If P is a general point, then n P has just 2g{X) + 6 ramification points, and its ramification indices are two.
If P is a general point and I is a line passing through P, then one of the following assertions holds true: (c) The line I is not a tangent line at singular points.
Hence we prove the lemma from the Riemann-Hurwitz formula for ftp. D Let P be a general point and 6 P : C P -> P 1 be the Galois covering. If R e Cp is a ramification point, then we infer that the ramification number of 9p at R is two by the above lemma. Now the theorem is proved by copying after the proof of [7, Theorem 4.4.5] . Since 6p is unramified over t -oo and the inertia group at the ramification point R is generated by a transposition, the latter part of the theorem is a consequence of [ 
(i) Gp^S 4 <3-g(z) is irreducible over k{t) and (ii) G P = A 4 •& g{z) is irreducible over k(t) and y/ip(t) € k(t).
(iii) Gp = V 4 <=> g(z) splits into linear factors over k(t). 
By using this fact, we present some examples. ). Then we can check easily that the double covering C" -* P 1 branches at four points satisfying At 4 -4i 3 -1 = 0 , so g{C) = 1. Since the function field Lp is isomorphic to k(t,Xi, y/ip(t)), we see that dp : Cp -t P 1 has branch type (2, 2,2, 2, 2,2), so g(P) = 5. (ii) and (iv). So we consider cases (i) and (iii). In case (i), we see that the singular point (1 : a : 0) is locally defined by y 2 = z 4 , and the line y = ax is the tangent line at this point. Furthermore we see that (1 : 0 : 0) and ( 1 : 7 : 0 ) are 2-flexes. Then we have g(X) = 1 and the branch type of TT P : X -> IP 1 is (2,4,4). Indeed n P has ramification index two at t -a and four at t = 0 and t = 7.
In case (iii), we see that the singular point (1 : a : 0) is a simple cusp of multiplicity three, and the line y = ax is the tangent line at this point. Furthermore we see that (1 : 0 : 0) is a 2-flex. Then we have g(X) = 0 and the branch type of TT P : X -> P 1 is (4,4) . In particular, we obtain Theorem 5. Thus we complete the proofs.
